We investigate the measurement-induced dephasing of a qubit coupled with a single-mode cavity in the vacuum limit. Dephasing of the qubit state takes place through the entanglement of the qubit and the single probe photon sent to the cavity, while the cavity mode never occupies a photon. We find that the qubit state is dephased even if the cavity is always in the vacuum state. This dephasing is caused purely by the interaction between the qubit and the vacuum field. We also show that this vacuum-fluctuation-induced dephasing takes place much faster than the spontaneous decay of the qubit excited state, and therefore our prediction is observable in a real experiment.
The complementarity principle [1] is the basis of quantum physics. It demands that a possibility of extracting the state information of a "system" with an "apparatus" inevitably causes a reduction in the quantum interference of the state being monitored. This so-called "measurement-induced dephasing" has been clearly confirmed in real experiments with photons [2] , Rydberg atoms [3] , and electrons in solid state interferometers [4, 5] . Circuit (cavity) quantum electrodynamics (QED) architecture [6] [7] [8] is an ideal playground for studying complementarity and measurement-induced dephasing. The dispersive measurement scheme provides a non-invasive readout suitable for quantum information processing, and is also ideal for testing the complementarity principle. In this system, it is generally believed that the measurement-induced dephasing is caused by the photon number fluctuations in the cavity [6, [9] [10] [11] [12] [13] , as has been experimentally confirmed [14, 15] .
In contrast to this common notion of photon shot-noise dephasing, here we propose that measurement-induced dephasing takes place even in the vacuum limit of the cavity where the photon number fluctuation is completely suppressed. To be specific, we consider a qubit coupled to a resonator with a single photon mode in the dispersive limit. We show that the qubit is dephased due to the vacuum field in the resonator with the condition that the photon number is always zero in the cavity. This demonstrates another novel property of the vacuum which can be verified in a real experiment.
A qubit interacting with a single-mode resonator is represented by the Hamiltonian,
where H 0 denotes the qubit+cavity mode represented by the usual Jaynes-Cummings model [16] with rotating wave approximation. H c and V 0c represent the continuum modes outside the cavity and the cavity-continuum interaction, respectively:
The parameters ω r , ω q , g, ν k , and α k denote the resonance frequency of the cavity, qubit frequency, the coupling between the qubit and the cavity, the continuum mode frequency, and the coupling between the cavity and the continuum, respectively. There are two important parameters governing the characteristics of the system in our context: the detuning of the qubit and the cavity frequencies, ∆ ≡ ω q − ω r , and the decay rate of the cavity mode, Γ ≡ 2π k |α k | 2 δ(ω r −ν k ), assumed to be independent of the frequency. In the dispersive limit (|∆| ≫ g), H 0 is transformed to an effective Hamiltonian,
where χ = g 2 /∆ is the dispersive shift. The measurement-induced dephasing is generally regarded as a result of the photon number fluctuations. For instance, in a theory based on the continuous weak measurement (χ ≪ Γ) [6, 9] , the phase factor of the qubit decays as e iϕ(t) = exp (−Γ φ t), with the dephasing rate
where θ 0 ≡ 2χ/Γ andn is the average photon number in the cavity. This property of dephasing rate, which is governed by the photon number fluctuation, has been confirmed in experiments [14, 15] . The photon shot noise dephasing is verified also in the strong measurement limit where single photons fully dephase the qubit [13] . Both in the weak and in the strong measurement limits, the photon number fluctuation in the cavity has been regarded as the source of the measurement-induced dephasing. In these studies, the effect of the vacuum field was not taken into account, and the dephasing rate vanishes in the vacuum limit. We investigate the role of the vacuum fluctuation in the measurement-induced dephasing. Our aim is to show that Γ φ does not vanish even when the cavity is always in the vacuum state. Let us consider a measurement setup (see Fig. 1 ) where single "probe" photons are sent to a cavity interacting with a qubit. We consider a circuit QED system for a possible realization, but a cavity QED setup can also be used. The key point is that, during its travel through the cavity, the outcome of a probe photon becomes entangled with the qubit state, and thereby produces a "measurement-induced dephasing" of the qubit.
The initial state of the qubit-probe photon composite,
The time evolution of a probe photon state, |D s , depends on the qubit state s (= g or e), and is given by
where the photon state is given in the number state representation |n, n k with n and n k being the photon numbers in the cavity and in the mode k of continuum, respectively. First, we consider a simple case of injecting a monochromatic single photon, |0, 1 k0 . This case is specified by the initial condition,
The time evolutions of the coefficients A s (t) and B s (k, t) are found to be
where ω s = ω r ± χ (for s = e/g) is the qubit-dependent cavity frequency shifted by the dispersive interaction. The qubit state information is eventually encoded in the asymptotic limit of the photon state |D s (t → ∞) . This asymptotic limit, obtained by taking ν k → ν k + iǫ and t → ∞, is given by
The coherence factor, defined as
is a measure of interference between the two qubit states. From Eq. (8), we find
In the strong measurement limit (χ ≫ Γ), λ ≈ 0. This implies that the qubit state is fully dephased when a single photon is sent to the cavity. It should be noted that this dephasing does not originate from the photon number fluctuation, but purely from the vacuum field in the cavity. To confirm this, we need to check the occupation probability of a photon in the cavity at an arbitrary time t, P 1 (t), which is given by
in our case. As one can find from Eq. (7a),
where M is the number of modes in the reservoir. Since M → ∞ for a continuum, A s (t) = 0. This implies that photon number fluctuation does not occur in the cavity, since a photon never occupies the cavity mode during the interaction process. The full dephasing of the qubit in the strong measurement limit is understood only in terms of the interaction between the qubit and the vacuum field, which transcends the semiclassical concept of dephasing generated by the photon number fluctuation.
The above discussion with a monochromatic probe photon already includes the essence of the vacuumfluctuation-induced dephasing. A drawback of this treatment is that the dephasing time is infinity in this ideal case, because the asymptotic limit cannot be reached in a finite time interval with a monochromatic wave. Next, we treat a more realistic case of sending a single photon with its frequency dispersion ∆ν. This can be modeled, for example, by an input of the Gaussian wave packet:
The time evolution of this state is given by |D s (t) = exp (−iHt)|D s (0) , and calculating the coherence factor (Eq. (9)) from the asymptotic limit of |D s (t) is straightforward. We find
where the function λ(x, y) is given by
The probe photon reaches the asymptotic limit more rapidly as the pulse length (∆x) is reduced, or equivalently, as ∆ν increases (see Fig. 2 ). This implies that a measurement can be performed faster for a larger dispersion in the input frequency. For a pulse that is too short, however, the probe photon cannot really detect the qubit state (|λ| ∼ 1) because of the large frequency dispersion ∆ν that obscures the resolution in the measurement. This is verified in the behavior of |λ| as a function of ∆ν (Fig. 2(b) ). The optimal measurement can be obtained by imposing the condition |λ| = 1/e. The dephasing time is determined by the travel time of the input wave through the cavity that satisfies the condition |λ| = 1/e. In the strong measurement limit, χ ≫ Γ, we find that the vacuum-induced dephasing rate, Γ φ , is proportional to the cavity decay rate Γ as
Our discussion of the dephasing rate can be easily extended to the case where the cavity has n photons. In this case, the effective coupling of the cavity and the reservoir is enhanced by the factor of n + 1 compared to the vacuum limit, and thus the dephasing rate is also enhanced by the same factor as
The vacuum-fluctuation-induced dephasing takes place not only in the strong measurement limit, but also in the weak measurement limit (χ ≪ Γ). In this case, the single probe photon only has a negligible effect on the qubit state. Instead, the qubit state can be dephased by a continuous injection of probe photons. The interference of the qubit state is reduced by the factor |λ m | in this case, which can be written as
where m (≫ 1) and δt are the number of injected photons and the time interval between the successive transmission of the input packets, respectively. λ is the coherence factor due to a single probe photon, given by Eq. (13) . In general, the vacuum-fluctuation-induced dephasing rate, Γ φ , depends on the packet width of the input photons. An optimal setting of measurement is the case where the frequency dispersion (∆ν) of the input wave is comparable to the cavity-reservoir coupling (Γ). We find that, for ∆ν = Γ,
with the constant β = 2(3 − 2e √ π erfc[1]) = 2.97. The behavior of the vacuum-fluctuation-induced dephasing rate is summarized in Fig. 4 . In the strong measurement limit, Γ φ is determined from the condition |λ| = 1/e with λ given by Eq. (13) . The result for a continuous weak measurement limit is obtained from Eq. (17) .
A necessary condition for an experimental observation of the vacuum-field-induced dephasing is that the dephasing should take place before the spontaneous relaxation of the qubit state. That is, the dephasing rate should be larger than the rate of spontaneous relaxation. Here we show that this is indeed the case in both the strong and the continuous weak measurement limits. The spontaneous decay rate in our system, denoted by γ, is governed by the Purcell effect [17] , and is given as
We consider only the dispersive limit in which the detuning ∆ is greater than the coupling strengths g and Γ. In this limit, γ is reduced to
Comparing Eq. (14) and Eq. (19), we find that Γ φ /γ ≃ (∆/g) 2 in the strong measurement limit (χ ≫ Γ). That is, the dephasing takes place faster than the spontaneous decay by the factor (∆/g) 2 .
In the case of continuous weak measurement, the ratio is given by Γ φ /γ ≃ 12(g/Γ)
2 (compare Eq. (17) and Eq. (19)), implying that the dephasing can be observed in the strong coupling regime (g ≫ Γ). Therefore, in any case, our prediction of vacuum-induced dephasing is observable before the qubit is spontaneously relaxed to its ground state.
Finally, we discuss in more detail the meaning of cavity vacuum during the interaction between the qubit and the probe photons. As previously discussed, the occupation probability of a photon in the cavity is always zero, even if the photons pass through the cavity. Here, a puzzling question is raised: How can a photon pass through the cavity if the probability of finding it in the cavity is always zero? This appears to be paradoxical because the photons are transmitted and reflected only via the cavity. The answer to this question is that, in fact, this classical intuition fails. The paradox is based on the semiclassical picture of a sequential process that a photon is first captured in, and then escapes from, the cavity. The reasoning based on this picture would lead to the conclusion that, if the probability of the photon being captured is zero, there would be no chance of transmitting a photon. Interestingly, this semiclassical concept is invalid, and we find a finite probability of finding a photon transmission through the cavity while it is never occupied, even virtually, in the cavity. This is a clear example demonstrating the counter-intuitive nature of quantum theory. Therefore, we can conclude that the measurement-induced dephasing investigated here originates purely from the vacuum fluctuation. The qubit is interacting with the vacuum electric field in the cavity, and this interaction influences the cavity mode. The frequency of the vacuum field depends on the qubit state, thereby transferring the qubit state information into the probe photons.
In conclusion, we predicted that a qubit state is dephased by the zero-point fluctuation of the cavity mode. This vacuum-fluctuation-induced dephasing can be verified in a real experiment of a circuit (cavity) QED setup. The vacuum-induced dephasing has a pure quantum mechanical origin which cannot be understood in terms of the photon shot noise. The role of a vacuum as "something" in distinction from "nothing" has been highlighted through various interesting phenomena such as Casimir force [18] , Lamb shift [19] , and spontaneous emission [20, 21] , etc. The vacuum-fluctuation-induced dephasing predicted here can be regarded as an intriguing addition to this list. Continuous weak measurement scheme. The measurement-induced dephasing is determined by a continuous injection of the probe photons, while a single photon dephases the qubit state only very weakly. 
cavity(vacuum)
FIG
